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Nonlinear saturation of unstable solutions to the weakly relativistic, one-dimensional Zakharov equations is considered in this paper. In order to perform the analysis, two quantities are introduced.
One of them, p" is proportional to the initial energy of the high-frequency 6eld, and the other is the basic wave vector of the low-frequency perturbing mode k = 2'/L, with L as the length scale. With these quantities it becomes possible to identify a number of regions on a p versus k parametric plane. For very small values of p, steady-state solutions become unstable when A: is also very small.
In this case ion-acoustic dynamics is found to be unimportant and the system is numerically shown to be approximately integrable, even if k is below a critical value where the solutions are not simply periodic. For larger values of p the unstable wave vectors also become larger and the ion-acoustic Huctuations turn into active dynamical modes of the system, driving a transition to chaos, which follows initial inverse pitchfork bifurcations. The transition includes resonant and quasiperiodic features; separatrix crossing phenomena are also found. The in6uence of relativistic terms on the chaotic dynamics is studied in the context of the Zakharov equations; it is shown that relativistic terms generally enhance the instabilities of the system, therefore anticipating the transition. 
I. INTRODUCTION
Langmuir turbulence has been one of the most studied problems in modern nonlinear plasma physics. Over the last few years a great deal of effort has been directed to the analysis of Langmuir turbulence and related subjects such as soliton dynamics, collapse, nucleation of cavitons, and electromagnetic emission [l -7] . Langmuir turbulence is governed by the Zakharov equations which nonlinearly couple the slowly varying amplitude of a high-frequency electrostatic field (the Langmuir field) to low-frequency density fiuctuations (the ion-acoustic field). High frequencies are close to the plasma frequency and low frequencies are about the same order of magnitude as the normal mode frequency of the ion-acoustic field, the ionacoustic resonant frequency.
When the shortest time scale characterizing the motion is much larger than the time scale associated with the ion-acoustic resonant frequency, one lies in the so called subsonic regime. The other limiting regime where the longest time scales are sufBciently smaller than the ion-acoustic resonant time scale is called supersonic. In modulational regimes, for instance [7] , the presence of subsonic or supersonic dynamics depends on whether the ratio of the Langmuir field density over the plasma thermal density is smaller or greater than the ratio of the electron mass over the ion mass.
In the absence of dissipation, the governing set of equations in the subsonic regime may be approximated by a nonlinear Schrodinger equation (NLS) which is an integrable equation. What happens in this case is that the ion-acoustic field becomes enslaved to the Langmuir field, with the system turning out to be periodic or quasiperiodic. On the other hand, when the dominant frequency of the density Buctuations is not suKciently small, ionacoustic degrees of freedom become active, destroying integrability and driving a transition to chaos. One aim of the present work is to identify a variety of regions in the appropriate parameter space where one can expect periodic, quasiperiodic, or chaotic behaviors, providing new results and some new perspectives on topics not fully explored.
In particular, we also incorporate relativistic effects in the analysis. As far as linear stability analysis is concerned, it has been shown that relativistic mass corrections of the high-frequency electronic motion play a relevant role in the dynamics of the system [8] . In fact, it is shown that these corrections, besides altering the location of instabilities on the parameter space, can also modify the related growth rates of the unstable modes. In the present paper we shall go further into the investigation of these aspects; we shall examine the influence of the relativistic terms on the saturation properties of the initially unstable states. It shall be seen that relativistic effects generally tend to enhance the instabilities of the system. In particular it shall be seen that these relativistic terms, even if perturbatively smaller than the others present in the governing equations, may be responsible for turning regular solutions into chaotic ones. In the face of the possibility of this drastic transformation, it is then concluded that relativity cannot be totally dis- We note that in case (a) the system is still well approximated by a NLS which, however, can no longer be truncated to a few Fourier modes. The nonchaotic region on the parameter space is the union of the low-dimensional and quasiperiodic regions.
Transition to chaos is examined in the large energy regimes as a function of the length scale. As one gradually goes into chaos one Brst observes resonant states on a 2-torus [2] along with a finite number of period doubling bifurcations. Coing deeper into chaos, higherdimensional efFects seem to prevent the creation of the 2- torus and the corresponding resonant states [9, 10] . The transition follows an initial inverse pitchfork bifurcation which sets the system close to a heteroclinic trajectory involving one stable fixed point and two distinct unstable fixed points. States with larger number of unstable points are also found to exist as the low-frequency wave vector is varied [11, 12] .
Finally, it is also shown that the relativistic-induced transition to chaos follows a similar route. 
II. GOVERNING EQUATIONS AND LC)W-DIMENSIONAL DYNAMICS
A. Governing equations Let us Brst write down the normalized form of the weakly relativistic Zakharov equations which shall be used in the following analysis. These equations are [8] iBiE+ 0 E = n E -n~E~E 
B. Love-dimensional dynamics and its validity conditions
The low-dimensional model can be obtained if one Fourier expands all the dynamical variables as where Q is an arbitrary quantity, and makes use of the following assumptions. First one truncates the series for the Langmuir Beld to three modes, E(x, t) = Eo(t) + Ei(t)e'" + E i(t)e noticing that the dipolar approximation ko --0, k ( 1 is used to rule out the presence of induced higher harmonics of density R.uctuations whose efFects could be of the same order of magnitude as the relativistic ones.
Next one assumes that the time scale satisBes t9~&( 0 to get
the initial conditions is the one with H = 0.0.
The validity conditions for the various formulas obtained so far and the additional requirement of a nontrivial solution generate a set of restrictions on the parameters used above. These restrictions define a region. in the parameter space where the low-dimensional approximation obtained above is expected to be accurate. We shall refer to this region as the low-dimensional region.
To determine the restrictions and the location of the low-dimensional region, let us fi.rst examine where some nontrivial dynamics take place. To this end we merely observe that saturation occurs when 1 -cos vP = 0. On substituting the expression for cosg obtainable from (9) and Mq --M i --p, into this equality one gets with~& ---E&Eo -E*, E, and (1+a 4)7 (10) In view of the fact that for a real variable n"= n*", these two relations are sufhcient to determine the lowfrequency field.
On substituting relations ni and n2 into Eqs. (1) Fig. 2(b) .
Let us next proceed to check all the above assertions against numerical simulations based on the full set (1) and (2 Fig. 3 for k = 1.8x10 and k = 1.0x10 [ Fig. 3(a) ] and k = 5.0 x 10 4 [ Fig. 3(b) ]. Simulated points of the parameter space are indicated by filled circles in Fig. 2 .
In the first case, whose representative point lies in the stable region of Fig. 2(a) In Fig. 4 Fig. 1(a) and their associated manifolds; the system would describe a close trajectory to a heteroclinic one determined by the low-dimensional set of variables. This is what happens for the parameters of Fig. 9(a) , for instance. In this situation, in particular, the second island is far f'rom being created because k k, (recall the conditions for the creation of the second island).
The same sort of simulation can be performed for smaller values of k as in Fig. 9(b) to be an important ingredient in the chaotic dynamics. This can only happen for smaller values of p, than the one we have used here, p, = 0.2. Only then do the ionacoustic waves not drain a substantial amount of energy from the low-dimensional system, preventing the trajectory &om remaining near the separatrix orbit and from executing the jumpings between the islands. In Fig. 9(c) we show the phase plane for k ) k, /2, before the creation of the second island, and in Fig. 9(d) for k & k, /2 , after the creation. Note that as the second island is created, the latter case, the orbit keeps jumping &om one island to the other, thus filling the entire phase plane; before the creation, the orbit is noticeably constrained along the g axis. For completeness we display the case p, = 0.2 in Fig. 9(e) Fig. 9(d) , we expect some contribution to the chaotic dynamics due to resulting irregular separatrix crossings as analyzed by I11,12] .
We conclude this section with a final word on the two types of quasiperiodic behaviors occurring in the system. Quasiperiodicity may be present in both regimes On the whole, one concludes that under certain circumstances small relativistic corrections can really cause profound distortions of the physics of the relevant saturating solutions. Because of the equivalence between k and o, one would also infer that if o. were used as a bifurcation control parameter, the route to chaos would be similar to the one associated with variations of k. All of this proves to be true. In fact, the sequenced power spectra displayed in Fig. 12 as function of increasing o. reveal similar behavior to the one of Fig. 8 . Note that a resonant regime again appears to coincide with the chaotic activity of Fig. 12(b) . 
VI. FINAL REMARKS
In this paper we have considered the analysis of regular and chaotic dynamics associated with the weakly relativistic Zakharov equations.
A certain amount of energy was deposited on a steadystate mode which was rendered unstable through an inverse pitchfork bifurcation, and the nonlinear saturation of the initial instability was studied.
To [11, 12] .
(ii) For larger values of p" ion-acoustic waves are fully nonlinear and can absorb a substantial amount of energy from the low-dimensional system. In this case the trajectories dissipatively spiral towards the central elliptic fixed points, diminishing the possibility of separatrix crossings even when the second island is created. In this situation the chaotic character of the system is independent of the length scale because of the absence of separatrix crossings as k is lowered. We have finally studied the inhuence of relativistic mass correction terms on the high-frequency electronic dynamics. With the help of plots, scaling rules, and numerical runs, it has been shown that relativistic terms enhance the unstable and chaotic features of the system. In particular we have shown that the inclusion of relativistic mass correction terms can convert regular orbits into chaotic ones through a quasiperiodic type of transition.
